Introduction
Chatter vibrations are self-excited vibrations encountered in machining operations. A portion of the power supplied to the machine is converted into vibratory power during the machining operation, which sets up sustained vibrations in the tool and the workpiece. In deep hole boring, the load transmitted from the boring-bar to the workpiece while drilling consists of a mean component corresponding to the transmitted power and a fluctuating increment of a dynamic origin. The latter originates from within the complete system of the boring bar-workpiece assembly and the nature of the drilling process. Over the last twenty years, there has been an increased research effort to investigate chatter vibration in deep hole boring process.
Bayly et al. investigated regenerative vibrations in different machining processes ͓1͔. They studied the cutting and rubbing forces in a chisel drilling edge in addition to tool vibration, which introduces an error in the hole size or "roundness error" of the drilled piece. A mechanism of torsional chatter was investigated experimentally by Bayly et al. ͓2͔ and the analysis was carried out in the frequency domain to find the chatter frequencies and boundaries of stability. The engagement and disengagement is highly nonlinear during the drilling process. The roundness error in reaming, due to regenerative vibration, was investigated by Bayly et al. ͓3͔ using a quasi static model. It was shown that the tool with N teeth caused holes with N +1 or N − 1 "lobes" which are related directly to the forward and backward whirl motion. Statistical process planning was used to describe the relationship between the machining parameters and the quality of the bored surface by Weinert et al. ͓4͔ . During the drilling process of deep hole boring, undesirable vibrations are initiated due to slender BTA drills having larger length to diameter ratio with low torsional and bending stiffnesses. Keraita et al. ͓5͔ theoretically correlated the acoustic emission during cutting to the workpiece-tool geometry and the cutting conditions. They showed that the instability of cutting or chatter is due to combination of structure, cutting conditions, and tool geometry. Litak et al. ͓6͔ theoretically investigated the chaotic harmful chatter vibrations, which caused instabilities during the cutting process.
Kovacic ͓7͔ used the tool rake angle, shear angle, and the feed rate to propose a nonlinear model to investigate chatter vibrations. The mechanism of chatter vibration was studied experimentally by Marui et al. ͓8͔ using six different spindle-workpiece combinations having different properties. They found that the phase lag between the forces and chatter displacement is related to the energy induced by chatter.
Whirling vibration in the chisel drill was experimentally measured by Fuji et al. ͓9͔ in order to investigate how the whirling vibrations developed in the chisel drill. They used three different chisel drills with different web thicknesses. Fuji et al. ͓10͔ studied the interactions among the effect of drill geometry and drill flank, in starting and developing of the whirling motion, where they also found that the flank surface of the cutting edge was responsible for damping the vibration. Ema et al. ͓11͔ investigated the whirling vibrations in a workpiece having a pilot hole, where they also find that the whirling motion is a regenerative vibration caused by cutting forces and friction while drilling. A mathematical model was presented by Batzer et al. ͓12͔ for a chisel drill with a zero helix angle to determine the displacement of the assumed rigid tool and rigid workpiece, where they consider only the axial vibrations and ignore the transverse motion. They used a single degree of freedom model that was solved numerically to find the chip thickness and the time lag for the chip formation. Cutting tests were done to verify the results.
The deep hole boring process is used to bore holes with usually high length to diameter ratios seeking better surface finish, good roundness, and straightness. The process usually depends upon the following hole requirements: Diameter of the bored hole, the depth of the bored hole, the quality of the hole surface, the dimension, parallelism, and straightness. Due to the fact that the boring bar-cutting head combination is slender which is highly needed to produce holes with different length to diameter ratios, this kind of drilling is subjected to disturbances such as chattering vibrations. Despite the abundance of studies done in this field, chatter vibrations are still not fully understood. Whirling motion is vibration in three dimensions, which affects the accuracy of the bored piece. It is well known now that the deep hole boring process is used extensively to drill expensive workpieces and hence process precision is of prime importance. To achieve the best process plan with the aim of minimizing the risk of the workpiece damage, a comprehensive investigation of the dynamics involved in the process, both analytical and experimental, is highly important.
Mathematical Modeling of the Boring Bar-Workpiece Assembly
The boring bar has an intermediate simple support as shown in Fig. 1 , where the interaction point between the cutting tool head and the workpiece is also shown. Continuity conditions are assumed for the deflection, slope, and moment at the interaction point, and shear force increases with the addition of the cutting force.
The boring bar is considered as a continuous beam clamped at the bar driver while the workpiece is clamped at its end. Hence, we can consider the boring bar-workpiece system as a multispan beam and the transverse vibration of this beam in the Y-Z plane has the following governing partial differential equations in the Y and Z directions as:
where I, M, W y , W z , F y , and F z , respectively, are
All the constants and variables used in the mathematical model are given in Appendix A. The boundary conditions are
The system is subjected to nonhomogeneous boundary conditions or time-dependent boundary conditions as given in Eqs. ͑3j͒ and ͑4j͒. A modified approach will be used to transform this problem into a problem consisting of nonhomogeneous differential equations with homogeneous boundary conditions which will be solved by modal analysis. To this end let us assume a solution of the boundary-value problem described by the equations of motion above in the Y and Z directions in the form
The functions g 2 ͑x͒ and g 3 ͑x͒ are chosen to render the boundary conditions for the variables v 1y ͑x , t͒ , v 2y ͑x , t͒ , v 3y ͑x , t͒ and v 1z ͑x , t͒ , v 2z ͑x , t͒ , v 3z ͑x , t͒ homogeneous. The functions g 2 ͑x͒ and g 3 ͑x͒ are not unique and several choices may be acceptable ͓13͔. The second step is to introduce the boundary conditions of the current problem into Eqs. ͑5͒ and ͑6͒. Consider Eq. ͑3j͒
For the right hand side of Eq. ͑7͒ to be zero 
Following similar procedure, the boundary conditions from Eq. ͑3͒ result in
where the corresponding equation number is also specified. Assuming that
substitute Eq. ͑10͒ into Eq. ͑8͒, the following equation is obtained:
combining Eqs. ͑10͒ and ͑11͒ gives
where the constants D 1 -D 8 are evaluated by applying the set of boundary conditions in Eq. ͑9͒. The values of these constants are presented in Table 1 . Now introducing Eqs. ͑5͒ and ͑6͒ into Eqs. ͑1͒ and ͑2͒, respectively, we obtain a set of nonhomogeneous differential equations. In the Y direction
where
At this stage the homogeneous equations will be solved to find the natural frequencies with the corresponding eigenfunctions for the following system of equations:
͑17͒
Under free vibration conditions, we assume
, and accordingly we have
where 0.0113
The solutions in the three regions are
and in the Z direction
v 3z ͑X ͒ in the Z direction have to satisfy the conditions that their respective fourth derivatives are equal to a constant multiplied by the functions. All the constants A i and B i , i = 1 , . . . , 12 are evaluated using the following boundary conditions in the Y direction:
From Eqs. ͑24a͒ and ͑24b͒, it is found that A 1 =−A 3 and A 2 = −A 4 , respectively. The same for Eqs. ͑25a͒ and ͑25b͒, it is found that B 1 =−B 3 and B 2 =−B 4 , respectively. These equations are written in the form
For a nontrivial solutions ͉G͉ =0, ͉H͉ = 0. Anyone will give the characteristic equation, where ͉G͉ and ͉H͉ are the determinant of the coefficient matrices ͓G͔ and ͓H͔, respectively. The matrix with the coefficients is shown in Appendix A.
Plotting the frequency equation against a = ͱ n yields the roots of the frequency equation for the first five natural frequencies of the cutting tool-boring bar-workpiece assembly. Table 2 presents the first five natural frequencies. The normal modes corresponding to these natural frequencies are:
The values for Ā i and B i , i =3,5, . . . ,12 are presented in Table 3 . Going back to the main equations in the Y direction:
where 
and in Z direction we have
In order to solve the nonhomogeneous differential Eqs. ͑29͒ and ͑30͒, assume the solution in terms of normal modes
and introduce Eq. ͑31͒ into Eq. ͑30͒ in the Z direction, we obtain
To find the solution in the three regions, we have to uncouple these equations using the orthogonal property of the eigenfunction and integrate with respect to X over the domain. The orthogonal property in Appendix A is used. Hence, we obtain an infinite set of uncoupled ordinary differential equations in Y direction for the three regions of the beam
where is a modal damping ratio.
All other constants are shown in Table 7 in Appendix A. The whirling motions at different sections of the boring bar-workpiece system are plotted at a speed of 60 rad/ s and with the external and internal forces in the form of
The solution for the set of equations in Y direction Eqs. ͑36͒ and ͑37͒ are obtained by the convolution integral or superposition integral. It is based on the superposition of the responses of the system to a sequence of impulses. Let the variable of integration be ͑͒ between the limits of integration ͑0͒ and ͑t͒ and the elemental impulse is N n ͑͒d. So the complete solution for these equations with zero initial conditions is
The complete solution for the current problem is as follows:
Substituting the forces in the solution in the Y directions
And in the Z direction
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In order to arrive at the final solution, the integrals in Appendix A are used. It is seen from those integrals that the final solution will have a transient and steady state solution. The transient solution will die out after a while, and interest is in the steady state solution of the current problem. The steady state solution for the selfexcited motion at = 60 rad/ s which is below the first natural frequency, is plotted in Fig. 2 showing both the Z and Y signals for the boring bar-workpiece system with and without the suppression forces. Figure 3 is a one-figure plot of the system with and without the suppression forces at L = 0.41, L = 0.81, and L = 0.91. It is obvious from Figs. 2 and 3 that the whirling motion is oscillating around the mean value of the force. This is due to the assumption of the force terms in the Y and Z direction that, in our case, the forces transmitted from the boring-bar to the workpiece while drilling consists of a component corresponding to the mean transmitted power ͑F c ͒ plus a fluctuating component ͑F co ͒ of a dynamic origin in terms of Eq. ͑43͒. The power transmitted to the boring bar equals to the torque multiplied by the rotational frequency. The torque equals to ͑F c ͒ multiplied by the radius of the boring bar ͑boring bar diameter is 1 in͒. The value of ͑F co ͒ is assumed to be 10% of ͑F c ͒
This excitation that produces the latter originates from within the complete system of the boring bar-workpiece assembly and the nature of the drilling process.
Experimental Setup, Description, and Instruments
The whirling motion of deep hole boring-cutting head system is investigated experimentally. None of the previous studies concerning vibrations and chatter in the deep hole boring system dealt with the whirling vibrations of the boring bar-cutting head system, at the initial stage of drilling operations and during the machining process. Noncontacting type proximity pickups were used to measure the whirling motion of the boring bar. An electronic package with LABVIEW™ software was used to obtain the whirl orbit of the boring bar as shown in Figs. 4 and 5. The experiments were conducted to validate the analytical predictions of whirling vibrations of the rotating boring bar-cutting head system described in the previous section. The boring bar is a flexible circular, hollow shaft, clamped at one end and simply supported by the stuffing box in the middle and the other end is coupled with the workpiece to be bored. It is driven by a variable speed motor to control the speed of cut. Two noncontacting type displacement transducers, ͑Master for vertical displacement ͑Y͒ and Slave for the horizontal displacement ͑Z͒͒ which operate using eddy current principle, are used to measure whirl amplitudes. The sensors were named Master and slave due to the synchronization between them. The whirl orbit was detected using data acquisition system ͑DAQ͒ along with LABVIEW computer software. The proximity pick ups are used to measure the transverse motion of the boring bar ͑displacement along Y and Z directions͒ at the onset of the boring bar-workpiece engagement. They were 900 mm from the driving unit. This was approximately in an unsupported portion of the boring bar. By reducing the vibrations in this region, the vibrations of the boring bar in general were expected to be reduced as confirmed by the measurements done on the workpiece subsequently. An actual implementation would have to measure the whirling motion close to the cutting tool and compensate for the whirling with exciters mounted close to it. The present study establishes the effectiveness of the active control scheme in suppressing the excessive whirling motion of the boring bar in general.
As the boring bar rotates relative to the sensors during the boring process, the eddy current developed starts modulating the oscillator voltage signal which is demodulated to provide an output signal proportional to the displacement. This displacement signal can be recorded and analyzed. The output of this transducer is a time varying continuous voltage analogous to the quantity being measured and a scale factor or a calibration constant will determine the value of the measured quantity.
Kaman Instrumentation Displacement Measuring System Model KD-2310 was used to make the precision noncontact displacement measurements in the experiment. The system includes a sensor, a 3 m coaxial cable, and a signal conditioning electronics package. This system uses the principle of impedance variation caused by eddy currents induced in a conductive metal target.
The coupling between a coil in the sensor and a target is dependent upon their displacement or the gap between them. The output voltage of the system is proportional to the distance between the face of the sensor and any metallic target.
KD-2310 systems are most stable when the target is near the face of the sensor. Also, the sensitivity to the cable movement, dielectric constant, magnetic field, etc., is the greatest when the target is at full-scale displacement. Parallelism between the target and the sensor is acceptable as long as it does not exceed 15 deg. The specifications of the DAQ card used in the experiment are found in ͓14͔. The devices can scan multiple channels at the same maximum rate as their single-channel rate.
Experimental Results and Discussion
The following experiments were carried out to measure the whirl orbits of the boring bar-cutting head-workpiece interaction at different speeds of rotation, at the beginning of drilling operation. A frequency response analysis is followed.
Two proximity sensors were mounted at a point where the boring bar is moving at a constant velocity. Once the proximity pickups were installed they were calibrated for the machining operation. The bipolar output calibration procedure ͑Kaman Instrumentation manual͒ was carried out. The output voltage ranges from a negative voltage for the first half of the measuring range to a positive output for the second half of the range. The signals sensed by the sensors are routed into the data acquisition package, which consists of demodulators, data acquisition card, and a computer with LABVIEW™ software to capture the signals and analyze them. The calibration figures are shown in Figs. 6 and 7. The cutting head is supported by the work piece and a small feed ͑around 30 mm/ min͒ is provided because rotating the boring bar without giving some feed will damage the cutting head. A flow Transactions of the ASME rate of 40 G / min was used. The experiments are carried out at high speeds of rotation in order to overcome the resistance of the work piece. The investigations were at the lowest speed of 1200, and the highest speed provided by the boring machine at 1440 rpm. The other speeds were recommended by the machine operator at 1280 and 1359 rpm. The experimental setup and a schematic of the boring bar-workpiece system are shown in Figs. 8 and 9. Figure 10͑a͒ shows the master and slave signals for the lowest cutting speed of 1200 rpm. The signals from the master and slave are plotted in Fig. 10͑a͒ . As shown in Fig. 10͑b͒ the whirl diameter was approximately 1000 m. Increasing the speed to 1280 rpm, the corresponding master and slave signals are shown in Fig. 11͑a͒ . The corresponding whirl mode is shown in Fig.  11͑b͒ and seems to be more stable with a diameter equal to 900 m. At a speed equal to 1359 rpm the two signals are shown 
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Transactions of the ASME in Fig. 12͑a͒ . The whirl diameter decreased to 895 m as in Fig.  12͑b͒ . For the maximum speed of 1440 rpm the two signals are shown in Fig. 13͑a͒ . The whirl mode seems to be more and more stable with a diameter equal to 710 m as in Fig. 13͑b͒ . The reason for the reduced whirl diameter may be due to more stability when the speed is increased while cutting. Also a small feed was given during the experiments, and hence the whirl mode was not measured at the same point for the four speeds. The first and second computed natural frequencies for the boring bar-workpiece system are 11.23 and 25.28 Hz, respectively. The first and second natural frequencies obtained experimentally were in the range of 8. 43-11.41 and 20-24.51 Hz, respectively. The 1200 rpm was far away from the first natural frequency and close to the second natural frequency. The boring speed of 1280, 1359, and 1440 rpm were below the second computed value and in the range of the experimentally obtained natural frequency. Table 4 summarizes the rotational speed with the major amplitudes of the elliptical whirl orbit of the boring bar.
The measured time-domain data is also converted to frequency domain data via Fourier transform. A frequency analysis of the signals will show the natural frequencies of the boring-bar cutting head assembly. Under steady state conditions, the response will be a periodic or nonperiodic process and hence can be represented by a Fourier series. If one of those frequencies is close to the resonant frequency of the vibrating system then the corresponding oscillations may be the dominant part of the response.
The power spectral density, ͑PSD͒, is the amount of power per unit ͑density͒ of frequency ͑spectral͒ as a function of the frequency. The power spectral density, PSD, describes how the power ͑or variance͒ of a process is distributed over the frequency range. Mathematically, it is defined as the Fourier transform of the autocorrelation of the process. An equivalent definition of PSD is the squared modulus of the Fourier transform of the process, scaled by a proper constant term. The nature of the representation of the Fourier series in this way becomes clear if we think of it as a superposition of sinusoidal oscillations of all possible frequencies.
Frequency response at the beginning of the boring process is shown in Fig. 14͑a͒ where there are five spectral peaks, at 11.06 Hz, at 20.25 Hz, at 29.67 Hz, at 58.82 Hz and at 78.34 Hz. In Fig. 14͑b͒ there are six spectral peaks at 8. 43, 21.92, 31.12, 35.34, 42, and 63.70 Hz. In Fig. 15͑a͒ there are seven spectral peaks at 12. 76, 22.22, 32.13, 44.17, 65.76, and 307.94 Hz. In Fig.  15͑b͒ there are six spectral peaks at 11. 41, 24.51, 32.91, 47.077, 70.08, and 93.33 Hz. From these figures we notice that the maximum spectral peak is at the first natural frequency of the system. Table 5 lists the first and second natural frequencies, both computed and experimentally obtained. Table 6 summarizes the spectral peaks for part-2. The rotational speeds were far beyond the first natural frequency of the boring bar-workpiece system as seen in Tables 4 and 5 . The whirl amplitude is decreasing while the rotational speeds are increasing as seen in Table 4 . This means that the rotational speeds are far beyond the second natural frequency of the boring bar-workpiece system. The experimentally found natural frequency is in the range of ͑20.25-24.51͒ Hz as seen in Table 5 . But because the whirling amplitude was decreasing this means that the second natural frequency should be around 20 Hz. Other spectral peaks beyond the 20 Hz were due to some errors in the machine such as gear noise, coolant flow rate, chip removal rate, and errors in the measuring instruments, etc.
Conclusions
A mathematical approach was developed to study the whirling motion of a continuous boring bar-workpiece system in a BTA deep hole boring process. This model has been used to simulate the whirling motion at different locations of the boring barworkpiece system. The mathematical model to study the whirling motion of the boring bar-workpiece assembly transformed the homogenous equations with nonhomogeneous boundary condition into a problem with nonhomogeneous equations with homogenous boundary conditions. The whirling motion was reduced with the addition of external forces on the boring bar in the two directions. The computed fundamental natural frequency of the boring barworkpiece model was 11.23 Hz, which was validated experimentally in the range of 8.43-11.41 Hz. The whirl amplitude was the highest at 1200 rpm and started decreasing while the speed increased, which means that the second natural frequency is around 20 Hz. Table 7 . Table 7 The values of the different constants in the mathematical model 
where L 1 = 0.559, L 2 = 0.823, and L =1.
